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Incompatibility between Carnot efficiency and finite power in Markovian dynamics
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In Markovian dynamics with the local detailed balance condition, we decompose the total entropy
production rate into microscopic transitions. By applying this decomposition to the heat to work
conversion process, we rigorously show that the Carnot efficiency implies zero power for any heat
engine, even with broken time-reversal symmetry beyond the linear response regime. Moreover, we
propose a trade-off relationship between the entropy production rate and the heat flow between the
system and bath.
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Introduction.— Heat to work conversion has been a
central subject in thermodynamics. Typical mechanisms
for extracting work from heat are the cyclic heat engine
[1] and thermoelectric transport [2] (see Fig. 1). These
are categorized as different mechanisms in the sense that
the former includes periodically changing control param-
eters such as external forces and environmental temper-
ature changes, while in the latter, no time-dependent
parameters are included and the work is provided as a
steady state electric current through thermoelectric ma-
terials.
In recent years considerable effort has been devoted
to finding thermoelectric materials with higher efficiency
[3–6]. Stochastic cyclic heat engines in small systems
have attracted attention because such small heat en-
gines can be scrutinized through precise measurements
[7–11]. Therefore, it is a critical and urgent problem
to understand the mechanisms underlying the heat to
work conversion processes in the light of recent progress
in nonequilibrium statistical mechanics [12].
The thermodynamic efficiency in one cycle between in-
verse temperatures βH and βC (βH < βC) is bounded by
the celebrated Carnot efficiency [13, 14]
ηC = 1−
βH
βC
. (1)
So far, there is considerable research on the fundamental
relation between the efficiency and power [15–35]. Be-
nenti and coworkers developed an argument on thermo-
dynamic efficiency using a quite general analysis within
the linear response regime for thermoelectric transport
and showed that broken time-reversal symmetry (i.e.,
nonsymmetrical Onsager matrix) could in principle in-
crease the thermodynamic efficiency, and even devices
operating reversibly at finite power seem to be realiz-
able [20]. At this level of argument, the restriction on the
Onsager matrix elements imposed by the second law does
not prohibit the coexistence of finite power with the re-
versibility condition (i.e., zero total entropy production).
This has triggered a number of studies based on spe-
cific dynamical models to investigate the relation between
the power and efficiency for systems with broken-time re-
versal symmetry [21–33]. Multi-terminal thermoelectric
transport in the presence of a magnetic field was stud-
ied and a more stringent bound was discovered, which
prohibits the coexistence of finite power and the Carnot
efficiency [21]. More recently, general frameworks of the
linear response theory have been developed for stochas-
tic heat engines where the system is periodically driven
by changing the control parameters, and the dynamics of
the distribution obeys the Fokker-Planck equation [31–
33]. Onsager matrices are also defined for such periodi-
cally driven systems [16, 17], which are generally nonsym-
metrical, similar to the case of thermoelectric transport
with a magnetic field. A detailed analysis has revealed
the exact bound between power W˙ and efficiency η as
W˙ ≤ N(η/ηC)(1 − (η/ηC)), where N is a constant [31].
This clearly shows zero power at the Carnot efficiency.
Recently a similar argument has also been developed with
isothermal heat engines [32].
From these studies in the linear response regime, one
anticipates the general mechanism for incompatibility be-
tween finite power and the Carnot efficiency regardless of
the broken time-reversal symmetry even beyond the lin-
ear response regime. The aim of this paper is to under-
stand this mechanism with Markovian dynamics for any
system, even ones with broken time-reversal symmetry.
To this end, we used the idea of decomposition of the
total entropy production into partial entropy production,
which was first introduced to consider the microscopic
thermodynamic structure in jump processes with feed-
back controls [36–38]. The partial entropy production
connects the information for total entropy production to
the detailed properties of individual transitions and the
probability distribution. By generalizing this and apply-
ing it to heat to work conversion, we prove the no-go
theorem that systems at the Carnot efficiency possess
no power for stochastic heat engines and thermoelectric
transport. In addition, we demonstrate that the amount
of entropy production rate gives an upper bound for heat
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FIG. 1: (color online) Schematic picture of typical heat to
work converting mechanisms, (a): stochastic heat engine (b):
thermoelectric transport. In (a), an example of a stochas-
tic heat engine is shown, which is discussed in Ref. [19]. A
Brownian particle is trapped by a time-dependent harmonic
potential, and yellow parts are the distribution of the parti-
cle. In (b), βα and µα (α = L,R) are respectively the inverse
temperatures and chemical potentials of the α-th electrode
satisfying β−1L > β
−1
R and µL < µR. Energy current drives
finite electric current.
flow between the system and a reservoir in the linear re-
sponse regime.
Stochastic heat engine.— We consider the stochastic
heat engine where classical Brownian particles are con-
trolled in one cycle. In general, the thermodynamic pro-
cess is divided into isothermal processes at fixed tem-
peratures and adiabatic processes. In isothermal pro-
cesses, one controls the system’s time parameter λt. A
well-known theoretical model is the one introduced by
Schmiedl and Seifert [19], which is schematically shown
in Fig. 1(a). In the Schmiedl-Seifert engine, a particle
is trapped by a harmonic potential, and the shape of
the trap potential is changed in time. Having such an
example in mind, we make a general argument on heat
dissipation and power generation.
Since adiabatic processes cause no entropy production,
the averaged total entropy production during a single
cycle ∆Stot is given by summing all contributions from
isothermal processes
∆Stot =
∑
i
∆S
(i)
tot , (2)
where ∆S
(i)
tot represents the amount of entropy production
during the i-th isothermal process of temperature β−1i .
The power W˙ for one cycle is given by the relation
W˙ = −
1
τ
∫ τ
0
dtQ˙ , (3)
where τ represents the period of one cycle, and Q˙ repre-
sents the heat flow from the engine to the reservoir. Here,
we use the fact that the initial and final distributions are
identical in the steady state cycle. We assume that the
stochastic dynamics are Markovian. Time-evolution of
the distribution in the i-th isothermal process is given by
the master equation [39]:
∂
∂t
Pt(w) =
∫
dw′L
(i)
ww′(λt)Pt(w
′) , (4)
where w represents the positions and velocities of the
particles and λt stands for the control parameter. Pt(w)
represents a probability of the state w at time t.
Typical Markovian dynamics, such as the Fokker-
Planck equation, possess the local detailed balance con-
dition [39]
L
(i)
ww′(λt)
L˜
(i)
w˜′w˜(λt)
= e−βi(ǫλt(w)−ǫλt(w
′)) , (5)
where ǫλt(w), w˜, and L˜ represent the energy at the
state w with λt, the time-reversal of the state w, and
the generator with an inverse magnetic field, respec-
tively. The local detailed balance condition reflects the
time-symmetric property of equilibrium states that, in
the equilibrium condition, a stochastic trajectory and its
time-reversal trajectory with a reversed magnetic field
occur with the same probability. The total entropy pro-
duction rate is given by S˙
(i)
tot =
∫
dwP˙t(w)[− logPt(w) −
ǫλt(w)], and using the local detailed balance condition it
is also expressed in the following form [12, 40]
S˙
(i)
tot =
∫
dwdw′L
(i)
ww′(λt)Pt(w
′) log
[
L
(i)
ww′(λt)Pt(w
′)
L˜
(i)
w˜′ w˜(λt)Pt(w)
]
,
(6)
where the integration over w and w′ are performed for
all possible transition processes with L
(i)
ww′(λt) 6= 0. It
is straightforward to check the nonnegativity for this ex-
pression.
Partial entropy production and zero power.— We here
consider decomposition of the total entropy production
rate into microscopic transition processes [36]. We in-
troduce a general expression of the partial entropy pro-
duction rate for systems with broken time-reversal sym-
metry, which assigns the entropy production rate to the
process from w′ to w as
S˙
(i)
ww′ = L
(i)
ww′(λt)Pt(w
′) log
[
L
(i)
ww′(λt)Pt(w
′)
L˜
(i)
w˜′ w˜(λt)Pt(w)
]
+L˜
(i)
w˜′ w˜(λt)Pt(w) − L
(i)
ww′(λt)Pt(w
′) . (7)
This quantity satisfies two key ingredients that ensure
qualification of reasonable assignment of the entropy pro-
duction rate to microscopic processes. The first property
is that summing over all transition processes reproduces
the total entropy production rate:
S˙
(i)
tot =
∫
dwdw′ S˙
(i)
ww′ . (8)
3This is a consequence of the conservation of the probabil-
ity as
∫
dw′L˜
(i)
w˜′ w˜(λt) =
∫
dwL
(i)
ww′(λt) = 0. The second
property is the non-negativity:
S˙
(i)
ww′ ≥ 0 , (9)
from a simple mathematical relation a log(a/b)+ b− a ≥
0 for arbitrary positive a and b. The equality holds if
and only if a = b. From these properties, the partial
entropy production rate (7) gives a physically reasonable
assignment of dissipation to a single transition w′ → w.
Now we discuss the universal mechanism to achieve
zero power at the Carnot efficiency. The Carnot efficiency
can be reached at zero total entropy production for one
cycle, i.e., ∆Stot = 0. From Eqs.(2), (8) and (9), zero
total entropy production eventually implies S˙
(i)
ww′ = 0
for all transition processes at any time. We notice that
the equality in (9) holds only when the detailed balance
condition is satisfied:
Pt(w)
Pt(w′)
=
L
(i)
ww′(λt)
L˜
(i)
w˜′w˜(λt)
=
e−βiǫλt(w)
e−βiǫλt(w
′)
. (10)
Note that this must be satisfied for any possible transi-
tion process. We now evaluate the heat flow Q˙. From
the master equation (4), Q˙ in the i-th isothermal process
is calculated as
Q˙ =−
∫
dwǫλt(w)
∫
dw′L
(i)
ww′(λt)Pt(w
′)
=−
∫
dwǫλt(w)Pt(w)
∫
dw′L˜
(i)
w˜′w˜(λt)
= 0. (11)
In the second and third lines, we use the detailed bal-
ance condition (10) and the conservation of probability,
respectively. Q˙ = 0 in (3) implies zero power. Thus, the
reversibility condition is connected to zero power even
for systems with broken time-reversal symmetry. This
is our main result. We emphasize that the derivation
of zero power highly depends on the local detailed bal-
ance condition and the properties of the partial entropy
production rate.
Thermoelectric transport.— Our analysis is valid not
only for stochastic heat engines, but also for thermoelec-
tric transport as long as the dynamics can be mapped
onto the classical Markovian probabilistic process. We
demonstrate this by considering steady state transport
through a system with finite lattices in the presence of
a magnetic field. Suppose that an electric conductor is
attached to the left and right electrodes which have differ-
ent temperatures and chemical potentials denoted by β−1α
and µα respectively for the α-th electrode (α = L,R).
See Fig. 1(b) for a schematic picture. We assume the
following standard setup: Electrodes are modeled by free
electrons, and electrodes and the system are connected
via the tight-binding coupling interaction. Then, we
employ the dynamics given by the Pauli master equa-
tion [41], where the transition rate between eigenstates
of the system is calculated using Fermi’s golden rule [42].
Let Pt(k) be the diagonal element of the density matrix
in the representation of the k-th eigenstate of the system.
The Pauli master equation is given by
∂
∂t
Pt(k) =
∑
α=L,R
∑
ℓ
Lα,k ℓPt(ℓ) , (12)
where Lα,k ℓ stands for the transition rate from the state ℓ
to k via the effect of the α-th electrode. Let L˜ be the tran-
sition rate matrix for the dynamics with a reversed mag-
netic field and let k˜ be the time-reversal of the k-th eigen-
state. Then, from the argument for the time-reversal
symmetry in the equilibrium state, the detailed balance
condition is imposed as Lα,k ℓPeq,α(ℓ) = L˜α,ℓ˜ k˜Peq,α(k),
where Peq,α(ℓ) is the equilibrium distribution with βα
and µα; Peq,α(ℓ) = e
−βα(ǫℓ−µαnℓ)/Z. From this the local
detailed balance condition is given by
Lα,k ℓ
L˜α,ℓ˜ k˜
= e−βα[(ǫk−ǫℓ)−µα(nk−nℓ)] . (13)
This can also be given by the detailed expression of the
transition rate derived with a specific setup for the to-
tal Hamiltonian [42]. We should also note that the Pauli
master equation is equivalent to the dynamics for the di-
agonal elements in the Lindblad quantum master equa-
tion that is derived via the standard procedure with the
Born-Markov and secular approximations with a micro-
scopic Hamiltonian [43].
From the continuity equation with respect to energy
∂t[
∑
k ǫkPt(k)] =
∑
α
∑
k,ℓ ǫkLα,k ℓPt(ℓ), the energy cur-
rent into the electrodes is expressed as Jǫ,α = −
∑
k,ℓ(ǫk−
ǫℓ)Lα,k ℓPt(ℓ). Similarly, we obtain the expression of the
electron current as Jρ,α = −
∑
k,ℓ(nk − nℓ)Lα,k ℓPt(ℓ).
At the steady state, the total entropy production rate is
generated only from the heat flow into the reservoirs, and
is given by S˙tot =
∑
α βα(Jǫ,α − µαJρ,α), where the cur-
rents are steady state currents. Using the local detailed
balance condition (13), it can be written in the following
form
S˙tot =
∑
α=L,R
∑
k,ℓ
Lα,k ℓPss(ℓ) log
[
Lα,k ℓPss(l)
L˜α,ℓ˜ k˜Pss(k)
]
, (14)
where Pss is the steady state distribution. This form
is an extension of the expression for the stochastic heat
engine (6) to multiple reservoirs. In a similar manner to
(7), we introduce the partial entropy production rate
S˙k,ℓ =
∑
α=L,R
Lα,k ℓPss(ℓ) log
[
Lα,k ℓPss(ℓ)
L˜α,ℓ˜ k˜Pss(k)
]
+L˜α,ℓ˜ k˜Pss(k)− Lα,k ℓPss(ℓ) , (15)
4where we can easily check the nonnegativity and that the
summation reproduces the total entropy production rate.
Now, we impose the zero entropy production condition.
Following the same argument as in the stochastic heat
engine, we eventually end up with the detailed balance
conditions
Pss(k)
Pss(ℓ)
=
e−βα(ǫk−µαnk)
e−βα(ǫℓ−µαnℓ)
, α = L,R . (16)
For the case α = L, we have Pss = Peq,L while the case
α = R leads to Pss = Peq,R. These must be satisfied
simultaneously. This leads to no energy and electron
currents from each reservoir. Thus, we get zero power
as a result of the reversibility condition irrespective of
the amplitude of a magnetic field. Equation (16) can
be satisfied for resonant tunneling where electrons are
transmitted via only one energy window, such as single
quantum-dot transport [44–47].
Bound for entropy production rate.— So far, we rigor-
ously showed the fundamental principle that a zero total
entropy production rate leads to zero heat flow into a
thermal reservoir, even for systems with broken time-
reversal symmetry. This simultaneously implies that fi-
nite heat flow inevitably causes finite total entropy pro-
duction. Note that finite heat flow is necessary to get
finite power. Then as a next step, we consider the im-
pact of finite heat flow on the total entropy production
rate. We show that finite heat flow gives a lower bound
for the total entropy production rate in the linear re-
sponse regime. In this part, we suppose that all possible
transitions are associated with a single reservoir for sim-
plicity.
We first introduce a quantity characterizing the devi-
ation from the detailed balance condition defined as
∆w,w′ = 1−
Lww′P (w
′)
L˜w˜′ w˜P (w)
, (17)
which is small due to the assumption of the linear regime,
and satisfies the following constraint:∫
dwdw′L˜w˜′w˜P (w)∆w,w′ = 0. (18)
The partial entropy production rates are evaluated as
S˙ww′ = L˜w˜′w˜P (w)∆
2
w,w′ + O(∆
3
w,w′). Using this, the
total entropy production rate is calculated up to O(∆2)
as
S˙tot =
∫
dwdw′L˜w˜′w˜P (w)∆
2
w,w′ . (19)
The heat flow into the reservoir is calculated as
Q˙ =−
∫
dwdw′ǫ(w)Lww′P (w
′)
=
∫
dwdw′ǫ(w)P (w)L˜w˜′w˜∆w,w′ . (20)
Now we derive the lower bound of the entropy produc-
tion rate (19) under a constraint (18) and a fixed heat
flow (20). We apply the method of Lagrange multipliers
for ∆w,w′ with w 6= w
′ by considering ∆w,w′ as if they are
independent of each other for all (w,w′) [48]. We here
exclude the case of w = w′ because ∆w,w′ is always zero
for w = w′. Since the difference between the probability
distribution P (w) and the equilibrium Peq(w) is O(∆),
we can replace P (w) with Peq(w), and then arrive at the
relation
S˙tot ≥
1
C
Q˙2. (21)
Here C is a constant
C =
∫
dwǫ(w)2A(w) −
(∫
dwǫ(w)A(w)
)2∫
dwA(w)
. (22)
with the dynamical activity in equilibrium [49]: A(w) =
P
∫
w 6=w′ dw
′Peq(w)Lw′w, where P is the principal value
integral. The inequality (21) clearly shows that the heat
flow possesses at least a quadratic contribution to the
entropy production rate. In other words, for a given
entropy production rate the heat flow is bounded as√
CS˙tot ≥ |Q˙|. We remark that the bound is derived by
neglecting correlations of ∆w,w′ between different (w,w
′),
and hence our bound Q˙2/C is lower than a true lower
bound. Except for dynamics with discrete states, the
equality is in general difficult to achieve.
Summary.— In this Letter, we applied the idea of par-
tial entropy production in Markovian heat to work con-
verting systems. The partial entropy production rate is
a decomposition of the total entropy production rate and
satisfies the nonnegativity. These properties lead to the
fact that heat to work conversion systems in general never
attain the Carnot efficiency with finite power. This re-
solves controversies raised by the Onsager matrix argu-
ment for a system with broken time-reversal symmetry
[20], as long as the dynamics are Markovian. We here
stress that the local detailed balance is crucial in our ar-
gument. Our approach generalizes the recent exact stud-
ies in the linear response regime using the Fokker-Planck
equation [31–33].
The power of heat engines has been investigated with
linear irreversible thermodynamics and is expressed in
terms of Onsager matrix coefficients [15, 20, 23]. It has
recently been suggested that there may be a stringent
bound for the Onsager matrix even if the off-diagonal
coefficients are asymmetric due to a magnetic field [23].
It is an open and intriguing problem if the method of
the partial entropy production can provide an insight to
obtain a new bound on irreversible thermodynamics.
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6Supplemental Material
Derivation of inequality (21)
We show the derivation of the inequality (21) by using the method of Lagrange multipliers. Our original problem
is to derive a lower bound for Eq. (19) by tuning the probability distribution P (w) under a constraint Eq. (20) with
given Q˙. Note that ∆w,w′ = 0 with w = w
′ for any probability distribution P (w), and thus ∆w,w′ at w = w
′ has no
contribution in Eqs. (18), (19), and (20). Here, we solve the following optimizing problem: We derive a bound for
Eq. (19) by tuning ∆w,w′ except for w = w
′ without taking account of correlations of ∆w,w′ between different (w,w
′).
Because we neglect the correlations, our lower bound for S˙tot is weaker than a true bound. We however emphasize
that the derived bound is still a bound for S˙tot and is useful to understanding the relation between the total entropy
production rate and heat flow.
We minimize the total entropy production rate
S˙tot = P
∫
w 6=w′
dwdw′Peq(w)L˜w˜′w˜∆
2
w,w′ (S.1)
under the constraint
0 = P
∫
w 6=w′
dwdw′Peq(w)L˜w˜′w˜∆w,w′ , (S.2)
Q˙ = P
∫
w 6=w′
dwdw′ǫ(w)Peq(w)L˜w˜′w˜∆w,w′ (S.3)
with fixed Q˙. Here, the representation of the integration P
∫
w 6=w′
dwdw′ is used in the sense of the principal value
integral.
By introducing the Lagrange multipliers λ and η, our problem is reduced to a problem of minimizing the following
quantity
F (∆w,w′ , λ, η) =P
∫
w 6=w′
dwdw′Peq(w)L˜w˜′w˜∆
2
w,w′ + λP
∫
w 6=w′
dwdw′Peq(w)L˜w˜′w˜∆w,w′
+ ηP
∫
w 6=w′
dwdw′ǫ(w)Peq(w)L˜w˜′w˜∆w,w′ − ηQ˙. (S.4)
First the differentiation of F by ∆w,w′ equals zero with the argument of the minimum ∆
∗
w,w′ , λ
∗, and η∗:
2Peq(w)L˜w˜′w˜∆
∗
w,w′ + λ
∗Peq(w)L˜w˜′w˜ + η
∗ǫ(w)Peq(w)L˜w˜′w˜ = 0. (S.5)
Then by operating P
∫
w 6=w′
dwdw′ to Eq. (S.5), we obtain
λ∗ = −η∗
P
∫
w 6=w′ dwdw
′ǫ(w)Peq(w)L˜w˜′w˜
P
∫
w 6=w′
dwdw′Peq(w)L˜w˜′w˜
= −η∗
∫
dwǫ(w)A(w)∫
dwA(w)
, (S.6)
where we used P
∫
w 6=w′ dw
′L˜w˜′w˜ = P
∫
w 6=w′ dw
′Lw′w. By substituting Eq. (S.6) into Eqs. (S.3) and (S.5), both η
∗
and ∆∗w,w′ are derived as
∆∗w,w′ =
η∗
2
(∫
dwǫ(w)A(w)∫
dwA(w)
− ǫ(w)
)
, (S.7)
η∗ =
2Q˙(∫
dwǫ(w)A(w)
)2∫
dwA(w)
−
∫
dwǫ(w)2A(w)
, (S.8)
which leads to the lower bound (21).
